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Introduction

Equilibria of compact objects

S. Shapiro, S. Teukolsky, “Black holes, White dwarfs and Neutron Stars”

-White dwarfs -first family, M ≤ 1.5M�, [S. Chandrasekhar, L. Landau (1930-32)]
-Neutron Stars - second family, M ≤ 2M�, [Oppenhimer-Volkoff (1939)]
-Hybrid Stars - third family, M ≤ 2M�, [Gerlach (1968), Glendenning-Kettner (2000)]
- Fourth Family? M ≤ 2M� if nature realizes NM→2SC→CFL [Alford, A.S. (2017)]
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Introduction

TOV

Einstein’s field equations:

Gµν = Rµν −
1
2

Rgµν = −8πTµν ,

Energy-momentum tensor:

Tµν = −P(r)gµν + [P(r) + ε(r)] uµuν
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TOV equations:

dP(r)
dr

= −
Gε(r)M(r)

c2r2

(
1 +

P(r)
ε(r)

)(
1 +

4πr3P(r)
M(r)c2

)(
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c2r

)−1

.

M(r) = 4π

r∫
0

r2ε(r)dr.
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Dense QCD

The Lagrangian of QCD is written for ψq = (ψqR, ψqG, ψqB)T as

LQCD = ψ̄i
q(iγµ)(Dµ)ijψ

j
q − mqψ̄

i
qψqi︸ ︷︷ ︸

quarks

−
1
4

Fa
µνFaµν︸ ︷︷ ︸

gluons(Yang−Mills)

,

where (Dµ)ij = δij∂µ − igstaijA
a
µ ,︸ ︷︷ ︸

covarinat derivative

and Fµν = ∂µAν − ∂νAµ − 2q(Aµ × Aν)︸ ︷︷ ︸
gluonic field (Yang−Mills) field tensor

7

Quark matter phase diagram

pQCD
!PT

hadronsgas

Compact Stars
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T
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quark-gluon
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colour
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5 / 36



Dense matter
phases and new

equilibria of
compact stars

A Sedrakian

Introduction

Dense QCD

Constructing
EoS

Sequential
phase
transitions

Low-mass twins
and GW

Cooling

Conclusions

Dense QCD

Quark phases

Color-superconductivity within the NJL model

LNJL = ψ̄(iγµ∂µ − m̂)ψ︸ ︷︷ ︸
quarks

+ GV(ψ̄iγµψ)2︸ ︷︷ ︸
vector

+ GS

8∑
a=0

[(ψ̄λaψ)2 + (ψ̄iγ5λaψ) 2]

︸ ︷︷ ︸
scalar−pseudoscalar

+ GD
∑
γ,c

[ψ̄a
αiγ5ε

αβγεabc(ψC)b
β ][(ψ̄C)r

ρiγ5ε
ρσγεrscψ

s
σ ]

︸ ︷︷ ︸
pairing

− K
{

detf [ψ̄(1 + γ5)ψ] + detf [ψ̄(1− γ5)ψ]
}︸ ︷︷ ︸

t′Hooft interaction

,

- quarks: ψa
α, color a = r, g, b, flavor (α = u, d, s); mass matrix: m̂ = diagf (mu,md,ms);

- other notations: λa, a = 1, ..., 8, ψC = Cψ̄T and ψ̄C = ψT C, C = iγ2γ0.

Parameters of the model:

- GS the scalar coupling and cut-off Λ are fixed from vacuum physics
- GD is the di-quark coupling ' 0.75GS (via Fierz) but free to change
- GV and ρtr are treated as free parameters
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Dense QCD

Quark phases

QCD interactions pairing interactions and gaps

∆ ∝ 〈0|ψa
ασψ

b
βτ |0〉

- Symmetric in space wave function (isotropic interaction)
- Antisymmetry in colors a, b for attraction
- Antisymmetry in spins σ, τ (Cooper pairs as spin-0 objects)
- Antisymmetry in flavors α, β

2SC phase:

Low densities, large ms (strange quark decoupled)

∆(2SCs) ∝ ∆εab3εαβ δµ� ∆,

Crystalline or gapless phases:

Intermediate densities, large ms (strange quark decoupled)

∆(cryst.) ∝ εαβ∆0 ei~Q·~r δµ ≥ ∆,

CFL phase:

High densities nearly massless u, d, s quarks

∆(CFL) ∝ 〈0|ψa
αLψ

b
βL|0〉 = −〈0|ψa

αRψ
b
βR|0〉 = ∆εabC∆εαβC.
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Constructing EoS

EOS including (hyper)nuclear, 2SC and CFL phases of matter

Choose Maxwell (large surface tension) or Glendenning (low surface tension)
constructions. Matching condition for Maxwell is simply

PN(µB) = PQ(µB),

i.e., with low-density nuclear and high-density quark phases
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Constructing EoS

Synthetic equations of state with constant speed of sound

∆ε1

∆ε2

2

P
re
ss
ur
e

density

Energy

ε

∆ε2SC

1 ε2

CFL

2SC

nuclear

P

1P

Instead of full NJL-model EoS with 2SC-CFL transition use synthetic EoS

Realistic DD-ME2 EoS below the deconfinement (Colucci-Sedrakian EoS)

Parametrize synthetic EoS via Constant Speed of Sound (CSS) parameterization
(Alford-Han-Prakash 2013), also Haensel-Zdunik (2012).
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Constructing EoS

Relativistic covariant Lagrangians for hypernuclear matter

Relativistic DFT theory

L =
∑

B

ψ̄B

[
γµ
(

i∂µ − gωBBωµ −
1
2

gρBBτ · ρµ
)
− (mB − gσBBσ)

]
ψB︸ ︷︷ ︸

baryonic contribution

+
1
2
∂µσ∂µσ −

1
2

m2
σσ

2︸ ︷︷ ︸
scalar mesons

−
1
4
ωµνωµν +

1
2

m2
ωω

µωµ −
1
4
ρµνρµν +

1
2

m2
ρρ
µ · ρµ︸ ︷︷ ︸

vector mesons

+
∑
λ

ψ̄λ(iγµ∂µ − mλ)ψλ︸ ︷︷ ︸
leptons

−
1
4

FµνFµν ,

B-sum is over the baryonic octet B ≡ p, n,Λ,Σ±,0,Ξ−,0

Meson fields include σ meson, ρµ-meson and ωµ-meson

Leptons include electrons, muons and neutrinos for T 6= 0
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Constructing EoS

Fixing the couplings: nucleonic sector

giN(ρB) = giN(ρ0)hi(x), i = σ, ω, hi(x) = ai
1 + bi(x + di)2

1 + ci(x + di)2

gρN(ρB) = gρN(ρ0) exp[−aρ(x− 1)].

DD-ME2 parametrization of D. Vretenar, P. Ring et al. Phys. Rev. C 71, 024312 (2005).

σ ω ρ
mi [MeV] 550.1238 783.0000 763.0000
gNi(ρ0) 10.5396 13.0189 3.6836

ai 1.3881 1.3892 0.5647
bi 1.0943 0.9240 —
ci 1.7057 1.4620 —
di 0.4421 0.4775 —

Total number of parameters 8: boundary conditions on h(x) at x = 1.
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Constructing EoS

Nuclear phenomenology

saturation density
ρ0 = 0.152 fm−3

binding energy per nucleon
E/A = −16.14 MeV,

incompressibility
K0 = 250.90 MeV,

symmetry energy J = 32.30
MeV,

symmetry energy slope
L = 51.24 MeV,

symmetry incompressibility
Ksym = −87.19 MeV
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L
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!D ( 
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( 208Pb )

K0 = k2
F
∂E/A
∂k2
|k=kF = 9ρ2

0
∂2E/A
∂ρ2

|ρ=ρ0 , S(ρ) =
1
2
∂2ε/ρ

∂δ2
|δ=0.

S(ρ) = J + L
(
ρ− ρ0

3ρ0

)
+

1
2

Ksym

(
ρ− ρ0

3ρ0

)2

.
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Constructing EoS

Equation of state and (hyper)nuclear stars
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Zero temperature equations of state of hypernuclear matter for fixed xσΛ = 0.6164 and a
range of values 0.15 ≤ xσΣ ≤ 0.65. These values generate the shaded area, which is
bound from below by the softest EoS (dashed red line) corresponding to xσΣ = 0.65 and
from above by the hardest EoS (solid line) corresponding to xσΣ = 0.15.
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Constructing EoS

CSS parameterization

CSS parameterization

ε0,QM

εtrans

ptrans

cQM
-2Slope = 

Matter
Quark

Matter
Nuclear 

Δε

En
er

gy
 D

en
si

ty

Pressure

ε(p) =

{
εNM(p) p < ptrans

εNM(ptrans) + ∆ε+ c−2
QM(p− ptrans) p > ptrans

,

M. G. Alford, S. Han, M. Prakash, Phys. Rev. D 88, 083013 (2013).

J. Zdunik and P. Haensel A and A 551, A61, (2013).
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Constructing EoS

Phase diagram in M-R space

Phase diagram for hybrid star branches in the mass-radius relation of compact stars. The
left panel shows schematically the possible topological forms of the mass-radius relation
in each region of the diagram.
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M. G. Alford, S. Han, M. Prakash, Phys. Rev. D 88, 083013 (2013).

∆εcrit

εtrans
=

1
2

+
3
2

ptrans

εtrans
.

M. G. Alford, S. Han, M. Prakash, Phys. Rev. D 88, 083013 (2013).
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Sequential phase transitions

EoS with sequential phase transitions

∆ε1

∆ε2

2
P
re
ss
u
re

density

Energy

ε

∆ε2SC

1 ε2

CFL

2SC

nuclear

P

1P

Parameters of the models:

(ε1,P1) ∆ε1, ∆ε2SC (ε2,P2) ∆ε2

Note that there are five independent parameters.
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Sequential phase transitions

The EOS is analytically given

P(ε) =


P1, ε1 < ε < ε1+∆ε1

P1 + s1
[
ε− (ε1+∆ε1)

]
, ε1+∆ε1 < ε < ε2

P2, ε2 < ε < ε2+∆ε2

P2 + s2
[
ε− (ε2+∆ε2)

]
, ε > ε2+∆ε2 .

Need to specify:
the two speeds of sounds: s1 and s2

the point of transition from NM to QM ε1,P1

the magnitude of the first jump ∆ε1

the size of the 2SC phase, i.e, the second transition point
ε2,P2

the size of the second jump ∆ε2
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Varying parameters of EoS with sequential phase transition
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.... and resulting topologies of sequences
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Sequential phase transitions

The stellar mass as a function of the star’s central pressure for four different values of ∆ε2.
The other parameters of the EOS are fixed at P1 = 1.7× 1035 dyn cm−2, s1 = 0.7,
∆ε2SC/ε1 = 0.27, ∆ε1/ε1 = 0.6, and s2 = 1. The vertical dotted lines mark the two
phase transitions at P1 and P2. Stable branches are solid lines, unstable branches are
dashed lines. We see the emergence of separate 2SC and CFL hybrid branches along with
the occurrence of triplets.
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Sequential phase transitions

.... and resulting topologies of mass-radius relations
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Sequential phase transitions

The M-R relations for the parameter values defined above . We have fixed the properties of
the nuclear→ 2SC transition and the speed of sound in 2SC and CFL matter. For the 2SC
→ CFL transition we have fixed the critical pressure and we vary the energy-density
discontinuity ∆ε2. The separate 2SC and CFL hybrid branches are clearly visible, along
with the occurrence of triplets.
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Sequential phase transitions

Profiles of triplets stars (same mass)

The profiles (here the log of pressure as a function of the internal radius) of the three

members of a triplet with masses M = 1.975 M�. Here “N” means the nuclear phase. The

parameter values are as above, with ∆ε2/∆ε1 = 0.23.
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Sequential phase transitions

Stability conditions for our models

∆ε1/ε1
∆ε2/∆ε1 0.4 0.5 0.6 0.7

0.1 s, s s, s us, s︸︷︷︸
N-2SC

u, us︸︷︷︸
N-CFL

0.2 s, s s, s us, us︸ ︷︷ ︸
triplet

u, us︸︷︷︸
N-CFL

0.3 s, s s, s us, us︸ ︷︷ ︸
N-2SC;N-CFL

u, us︸︷︷︸
N-CFL

0.4 s, s s, us︸︷︷︸
2SC-CFL

us, u︸︷︷︸
N-2SC

u, u

0.5 s, s s, us︸︷︷︸
2SC-CFL

us, u︸︷︷︸
N-2SC

u, u

In each entry stable/unstable branches are referred by s/u, the 2SC and CFL phases are
separated by comma, and the pressure increases from left to right. The presence of twin
hybrid configurations or triplet configurations is marked by the underbraces with
information about the involved phases (“N” means nuclear).
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Lower mass triplets

Low-mass triplets via early transition NM→ QM

Still 2-solar mass members possible but only with the NM-2SC-CFL composition
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Low-mass twins and GW

Low-mass hybrid stars and twins [V. Paschalidis, et al. Phys.
Rev. D 97, 084038 (2018)]
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ACS - parametrizations based on CCS, ACB - piecewise polytropic EoS
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Low-mass twins and GW
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Mass-radius and deformability relations: Note low-mass twins at 1.4M�, which could be
applicable to GW170917.
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Low-mass twins and GW
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I − Q relations for hybrid stars are to a high accuracy universal. Here χ = J/M2, with J
the total angular momentum.
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I − Λ relations for hybrid stars are to a high accuracy universal.
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Low-mass twins and GW
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Comparing with the LVC plot for the deformabilities.

30 / 36



Dense matter
phases and new

equilibria of
compact stars

A Sedrakian

Introduction

Dense QCD

Constructing
EoS

Sequential
phase
transitions

Low-mass twins
and GW

Cooling

Conclusions

Cooling

Cas A remnant, cooling in course

Thermal history of Compact Stars (Cosmology in a single compact star)
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ν-Cooling γ-Cooling

Phase transition?

Birth in S-nova explosion

∂S

∂t
+ ~∇ ·~q = R− Lν − Lγ dS = cV dT, ~q = κ~∇T

Dissipative functionR ∝ σ(∇φ)2 + κ(∇T)2/T + . . .

Neutrino lossesLν from the bulk

Photon lossesLγ from the surface
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Neutrino and photon radiation processes

Modified Urca/brems process

n + n→ n + p + e + ν̄,

n + n→ n + p + ν + ν̄,

Crustal bremsstrahlung

e + (A, Z)→ e + (A, Z) + ν + ν̄,

Cooper pair-breaking-formation

[NN]→ [NN] + ν + ν̄,

Surface photo-emission

Lγ = 4πσR2T4

Quark Urca process

d → u + e + ν̄, u + e→ d + ν.
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Cooling

Phase transition within the QCD phase diagram can take place from one pairing pattern to
the other (e.g. 2SC to Crystalline)
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2SC phase - fully gapped, no excitations, ν-emission strongly suppressed

gapless (or crystalline) phase ν-emission enhanced
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Cas cooling as a phase transition in QCD
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Fine tuned to the Cas A data using the phase transition temperature T∗ and∆b.
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Sequential phase transitions in the QCD phase diagram can lead to a new stable
branch and a new family of compact stars, which is more compact than the ordinary
hybrid stars.

Triplets are possible: three distinct same mass stars configurations, differing in
internal composition, radius, etc.

Low-mass hybrid stars with M ∼ 1.4M� and twins can arise if the transition
density to quark matter is low. This raises the possibility that GW170817 event
involved a hybrid compact stars and that we can study dense QCD phases using GW
signals from BNS.

Thanks to co-authors: Mark Alford, Vasileios
Paschalidis, Kent Yagi, David Alvarez-Castillo,

David B. Blaschke
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Near future experimental advances:

- NICER (X-ray studies of neutron stars)
- LIGO-VIRGO (Gravitational waves from BNS and pulsars)
- SKA (radio timing of pulsars)

Theory questions:

- Dense QCD phases: static and dynamic properties
- Astrophysical properties of compact stars with quark phases
- Triplets and twins
- Gravity wave and QCD

Thank you for your attention!
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